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SI . FI CAN ~’l AND EXPLANAT I~~

1 .tp[ r ox Lma ’. l fl(J t h e -  ~~~~~~~~~ i i  of a fuz ~ .~t ~~~~~~~~ ~~~~~ tht values of

u~~.t  ~on arid/o~ •:om, o # th r ~~~~~~ tves .t’ ~~~~~~~ points in th. interval

of ~~~~~ . t t  • i r e  m v .  tm .~ .r ~~~ ?~ . r n ~ eqral is approximated by a

$i. Lqh t .~d . .
~~ ~he ~i m v • n  ~~~~~~~ ~u.i4x.~ture t~ . zmu la.

t ~s ~~own ‘ . ~ i wm ~te ci.~~ • . c~f .tmfferent data ~-on~ iguratxons . there

ex r.. .~~, zopriat~ po irr ’. of • ‘.~i1uation .~r :i ~‘~~ i~ ;h t .~ ; such that t~~~s r - su l t i n g

i ~ . i .r.. .~ z~iiu~~.t ~s . x ~ . for  a l l  po lynomials  of thee maximal  possible

;r e v . The ~~.• l l -~ nown aau~ stan quadrature formulas represent the partic-

u .  c . .  r n  ~~~~~ only ~~~~~ ~~~ v ai u v~ . (and r.o ~~~~~ t v .~ ives)  are employed .
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The r ponr r~~i~~1ty f~~r the ’ wr~r d r n ~ and views expressed in this descriptive
.ir~~ ’’ lr~ c wi Mi~~. and not with the author of this report.
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0’. rm* i:x r~~~ s E  Kr.~ 4 i r E-B r~~.” ~~F

~AL rt )~r. YflM*~LA8 ~ ~~~~~~~~~~~~~~~ t m .

Nr r a  ~y n ’

1. l n t t . .~~~~t ion and Prelistingri..

Th Is ~ ir~~r .“~~1t.s the •Zts tCnte of qu adrature for eulas of .aussian t ype

. .Za~ed to H a t te -St r~hoff  inter polat ion problsas . Given th~ a x ii incidenci

a.strL * E • ~ e
j

)~~~~~~~ . 
‘
~~~~ wit h •nt ri.s conht.trn q of z.ros and on.s. havinq

e listy N on .. . ~ fl. we are i n te rest ed  in the existence of a quadrature

~~ t the r )re~

b (Ii)( 1. 1) / do • 

~~~ 
f tx~) • ‘ C x b

$ a~~~.l

a~s e*a .~~ for th •j~~~
-
~ of mU poiyn~~ iaIs  of deqr.. n — 1.

lf l c t d . aic e amt r i e. w m t h  N ’  ii ones w t i c h  ~~~it such ,
~ msdratuz . for walsa mrs

.~i’e~~ In 13 1 aatr ic.s ~f Gaussian t ype . It is prov ed ~r (3) that the quadrature

~~~~~~~~ ( 1. 1)  can be .xact for 1 only if n N - k, where k is  the ~ i ni.aai

ones which aust be added to f to obta in a sa tr ix  wtth out  odd sequanc.s

in tows corri. on4~ r to interior points  of Ia.b). Two class. . of eatr ices of

..au.s an type. a.~ .i tti nq quadrature forwulss (1. 1) exact for • w it h  n — N - It,
* T e  ~~~ ‘vr

a) The class of Kerait . aatr ic:~~c (mat r ices c-onslstir ,q of s.q~.i.nc.s of ones

st a r ti n g  at coli~~n 0 -~ erakt .  sequence.) with  all the •.quanc.. corr..pond inq to

p o ints in (a ,b) of odd order ~J ,  (Si .

b Th. cla s s of in-Iderici aatric.s d.rivwd fros quaii-N.r*it . satx i cuS with

Sersi te sequence. of leri~th ~ in row. 2, . . . a - 1. by chmnqinq the I sat one in

each of th.ae sequences Into zero Ill). (1~~ ~~finit.ion of quasi -ISsrmi to aatrt ~~s is

qiw.n at the end of this aecUon) .

-n sabbatical f r *  t)spartasnt of Sath~~~~t ica1 Sciences , Tel-Aviv University . I sr ael .

~p onaored by the Uni ted stat•a ~.ray under (~ nt raet No . ~~~~25- 7S—C-0024.
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In  ~~~~ ~~~~~~~~~~ ~. eh~ir.s ~. t i $ a a w c i . ~ c lass ~-f  mn -iirn -. a.at ri -~es

,;au.sl a,i type r~ t ..r.ch n — ~ — I t .  wh~~~e .~ equals the nu~~ .r of H..rp i t e  ‘.~-~~ -~.- . - x

corresponding to points  in ( a .b )  . Th i s class contains  the classes (a~ • . Our

is based the Atimnson-Sh *raa Th.or~~ 11) and on the exis t e n ce of t h e

Ci a s s~ ca~ ..aus.isr~ ~~a4ra ure foraulas (terard also principa l repraesntstion.) for

Cbabych.v systeaa I5~. me Idma of proo f is in so.e raep.ct an extension of the

of ~(arkov 1 ~~~ the construction of the ~auset an quadrat ur e for eula. ~~~~

at t~~e cLa a s i : a ~ sense. in  th is appr oac h t h e  .,F is derived by integration of the

N e r r ~~~e interpolation polynosi alr

It
* Z f x P 10 t~

x . • f ’ ( x ~~~ (t ,X )) ,

• ~- :~ 
a
~ 

‘ r 1j s a • 0.1. r — 1, ~~
. , k .  — 0,1 , 1 — : .~

~~~~~~ • ~a x b~ chos n so that

b
• 0 • i •

A L t h - -
~~1h our mathod -

~~~ proo f does not yield uniqueness ~f th. quadratur. (1.1) even

f r a$tri~-ee e f  class (a) . for which uniquen .ss is k now-n ~~I,  ( 6) ,  yet th. proof of

existe nce I. sosewhat stapler than the proofs in ( 2 ) .  ( 6 ) . NorsOver by the s~~~e

~~ thod i• ~s possibl e to ext.nd the un lqusn.ss result to the case of quadrature

f r ~ ula .  related to quasi-He ruite m at r i c e s .

Th. r ,5u ’ and proofs ar, stated for polyncolal., but the extension to extended

ChebycPtev syxteas I s straightforward. (~•5 )~~.

In  ‘. ~ ic n  2 w.’ r-r~’ve the extst*nce of quadrature form~las of Gaussian type

related to a .~rtain class of Incidence matrices. Section 3 consists of r.sarks on

s~~e extensions and on certa in tnterea tinq •pecifl~ cases.

We conc I ud. this sec t ion by introducing notations and citing soma results f r~~

~~
-. theory of H era i ! , - I lrkho ff  interpolation. Let Aluam denote the cl ass of

— 2 —
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r itt. . i.~ e ~~~~~~~~~ E • (t~~~~~ )~~~~~~~ , 
- - .~~~i~~ t - ~~~ttq th.-  f 1  ~~~~~~~~ r t i i t t ~.~~.s

0 ~
-.1 a

i l .  ~ ‘ 
~~~~~ 

n . e 
-
. 

• a • 1.”~ ,n — I (P6lya .~~r td l t tOf l s )
3~ 0 I~~ 1 0  i 1

(1.)) Al l the non—He rmit, sequences - • ,  • ,m - 1 are eve r .

(A ~~~~~~~ .- i s  -‘ max i a.s l at r I ntl -~~t ‘r~ in a T - ’ w

Tfle w.’~~3~~~nc’wn r - t ~ ~~t Atk~~ y . -~ . - t ~~— -i~~:aa (1)  
~~~~~~~~ 

. that th* i n t e r ( ~~ 13t 1 - n

—~ !.r ~

~ ~ () )  (x I I • C — I • ~ 
•

- - a ~~~~ ~~~~ 5O~~i~~I - r  - t  .~ 
- - — a c x

1 ‘ * 2 
- x b J and any data

~
-
~~~~~~~

• ~ • 1) 1! ix ordst -~ •i ~ 4 , t ~ i f  E sat isfies ( 1.~~) and i f  r contains no

-• . .
, ‘•  -r • • • ~~.‘ • e - 1 w i t h  r ‘~ii . auch that a • I forL, It.l i .k ... 1 ,k.r

~~~~~~~ 
. C 

• ~ and ~ - ‘s I.’ ~ • it ( It.

~~.r i - .~~- !;. . t ’ ion ~~~~~ (1.4 f ’ r X . *~~ I -  c-an be

e~~~~
-
~~.tr ~~ s~~~ ~r - ’ ~.e~ y any x • x . - ~~‘•  ~ x

~ 
‘ b I. by considering the

I~ 
- 4 - 1 ~~~~ ( . . 4  ~~: ( I . - • w ere  ~ — C ~~ b °  cofl etst . of all the

i t g t i — r  nodes cf  I, and I~ is obtained fros t by coalescing rows of £ 

~
. 

~~~~ ~
- , t t -- equa l nt-’des ~f Z , t .~~~- i - t~ ~ ~~ ~

- -~ - i ’ )

F x~ • — 5tsk ’ ~~~ 
— 1 i - f  and only i f

~~e ~~~~— r ’ I  ~ —‘t sr~~e 0 . t - )
. — t _,*i

~~~~~ ~~~~~~~~~~~~~~ ;hmri ’~t theores i s 1- l ie ,  that a l l  ~~~ matr ices are oiler— poised . A

i-~~ ir .’er~~s~ ~ f the AS ,aatrt e5 are the qu.s.l—H .ralte matrices —

~~~~~~~~ ( 1. 21  and - - . r t a t n t n ’; ealy Hereite sequences in rows 2 , . . . ,a — 1.

1. ;ta1t -~~ -~re forauls •~~f • r e  f orm ( 1 . 1 ) .  •- s . i - - for is term ed hereaftar
~

Ns rt - - !~~ r ~ .a et an quadratur e form ula - (N$~~~~ ) if

n-i ~
( 1 . 6)  

~ 

• - Z
5 ) 0  i~ l f i  x~ . (a ,b) )

L.. -~ _ _ _  ~~~~ - ~~~~-rn—~~~~~~~~ --~~—~~~~~~~ - - -—~~~~~~~~~ - -~~~~~-~~~ - -
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~ - t  Hermite -Birkhoft Gaussian Quad rature For ~~ila.

A key observation in the tor thccsinq analysis is the f o l l o w i n g  direct result of

the Atk inaon-~iharaa Theort* ( see also (9) p. 89)

L.~~a i t  Let V be an a x n inc idence ma t r ix  sa t isfying ,

12. 1) e
10 

• 0 1 1 ~ a

s-I a n-i a
: 2)  .~~ 

) a — r • 5 — 1, 2, -” ,n — 2 • — n — r
i - — I  ~—O i—l ~

for sos. positive integer r . If all sequences of V are even then for any

X e  ( 5
~~~~~~ *l 

C ~~~~~~ th. s hepa~e

i _ _ i ,  I
0 (5. X ) — ( t  e 

n — I  
~~~~~ (x

i
) • 0 

~~ 
. 1)

is a - y . r.rv ,a~ a- - c of dia.n.ton F on (a, b)

k e m a rk  - for * — (a  x
~ ‘ 

b’ the speow P
0
(V.X) is defined by

P
0
(V .X1 w h e r e  x • (a ‘ • • •  b~ oonsists of the distinct oo~ ton.nt-. of It,

and whe re * a obtained fros V by co l.scinq rows of £ corr.spond i nq to equal

components of It a. in (1.5) .

If I satisfies the condition of L~~~~ 1 so doss *. and therefore P0
(!.X)

is a chebychev spec. of dimension r on (a, b I .  for all It in the a dimensional

.yaplex

— ( I t  f It (a x 1 ~ ~~~~ ‘ 
C b)

Noreover ;~~(Z.X) depends continuously ~n It .

Siaflarly we have

LemeS 2 a Let S be an ~~n incfd.nee matrix satisfying (2.1) and (2.2) • If

all sequences of S in rows 2, ..., a -  I are .ven, then far asty X •  ( a C e

.~~ * _~ a~~. b ) the st~~~ P 0
(& ,Z) is a ~~~ by~~I.v spa~~ of di nsion r,

which depends continuously on It.

—4—
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Psnaloqous results hold it all rows of V except th. f i rst (the last) consist of

ev~r,~ ~ .- ) ~~crt -- -- o nly .  In th !. &~$5O x~ a (a — b) and the Feat of the nodes vary

at ) s ,b )  appa -~~r iately .

Th. main is suit • I t. i s work i a the con tent of the next theorem.

1 Let £ ‘ AS,~~ contain only even sequences It of which are

Heral tc sequences , t 0. tat  the matrix Es be derived from V by replac ing the

aC’. on. in emch 4rt*t tS ‘ - a r n c —.~ f V by r r t~ :. Then £ e~~Lt* a ~(B—GQ ~ with

nodes X • a x • b • for any poeittwe aa ure whi ch is st iportad on

•‘ than k p o in t a  in  (a , i - ’

S I — ~~.~ ~Mt

I~~~. I i  I 1 ‘ i C e  • 
~~~ 

1)1 
~
i
i 

(i ~ C . 5 .

— 1 1 1 ~ a • e10 • 0)  •

‘ 
. 

~~~~~~~ • i for al l  0 a ~~) if i

(2.6)

— — l if  i ~

and let  ~ - ( 0 ) a
1 , _~ be obtained from V by replacing the f i rs t  and last ones

i r~ - s - 1. t lr x n a ! c  sequence r ’f V Ly zero , — • 0, 1 a 1~~, otherwise

S Inc. I 
~ 

and has only eve n sequences • the matrix * satisfies the conditions

f L~~~a 1, and 
~~~~ 

7”~~ è1~ • n - l I t.  Hence by 1a~~~ 1 aid ~~aark 1. P0
(t , Z)

is a Chebych.v .ub.pace of dimension 2k for any It ~~~

Using th. result about the existence of a GauSs Ian quadrature formula (lower

~~inc ip.sI representation ) for a thebychsv space (B) • we conclude the existence of

~a~tque Z * ‘ a  
~ 
“ C b) and v~ , 0. 1 — l, ••’ ,k, such that

b It
( 2.  

~ / p do - ~ v1 p (z ~ ) • p c P0
c1,X)

a 1—1

for any posit ive measure do suppor ted on mur. than k points of (a , b ) .

_ _ _ _ _ _ _ _ _ _ _ _  --~~~~~
- 
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-
~~~~~~~~
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In the following we construct a cont inuous mapping of the SyWl.x ~k into

i tse lf .  Let be any con t inuot$ mapping from in to such that for

* (a y 1 ‘ 
C y,~ b .  It — t~ Y is -~f t~~e fore ,

(2.4) 
~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~ . a ’ z • x ~~’.. c x b .

In case It - a (all rows of V contain )W reA t. sequences) 7~ is the identity

mapp ing. r - r  * let G~ It V * a C C b~ ~ 5
k with

the points of the CQf ( 2 .  7). me mapping y ~ is a con tinuous mapping of

into itse l f  • and there fore by Brt tM. r ti*ed-potht theorem i : l  there exist.. y’ •

such tha t

? Y. •

Horeovur, since for all Y . ~ Y is an inte rior  point of sIt
. y. • ~ y~ 

~~k 
~- b~~.

and there fore It’ — Y’ is of th. fore X~ - ( •.. . ‘ b). I~ conclude tieIt a

pr~~~f of the theore. by showing that t’ adel ta an H5-O~? at the nodes X .

Since V is order p01 mad, for 
~~~ 

- 1 tlere e xi eta a *at ique polynomial

satisfying

(2 . 9)  ~~~~~~ i 1~~
(x) — 

~is
6
jr • — ~ ‘ ~ n — i

and any p ( 

~n- l  can be written as

(2 . 10) p (t) • 
~ 

~~(i)
(1~~) p (t )

•
i~~
•l 

~~~

Horeower sinc. T Y * Y.~ the point. t~ , ,x’ ar. the nodes of a G~~ of

the form (2 . 7) fo~ P (*.X ) .  h ow p1 ~ P ( ft ,X ) for I ( I~ . and therefore
0 it1 0

(2 . 1 1 ) f j ~~~dc • 1t ~; * 0 • t t

In tegrating (2 .10) and usIng (2. 11) . we obtain

-6- 

~~~- -
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(2. 12) - a
1~ p~~~

(x )  - 
~~~~~~~~ 

~~~~ • ~

with

I,

(2. 13) aj j  — d~t • .~~ • 1

CoroU~~!)~ 1 In tie lth- ;:F (2.12). > 0 for i I~~. ~ eve n ~ •

Picof: ?or I I
~

• ~ ‘ -
~~~~ 

let q~~ be tie polynomial solving

t~ie fol lowing interpol ation problem

- (a)
(.. 14) (x )  • 0 • ~ — 1 • v • i

- 0 • • 1 ~ ~

I

(a) — 0

b
men by (2 . 12 ) f q 1~ ‘P • ~ 

a~~ q~~~~( x )  —

5

?~‘ prove that a
~, 

0 it  ~s suff ic ient  to show that 
~~~ 

‘ 0. 1 0 on

t ’is 4spOrt of do . hi f i r s t  show that q13
(x) t~ 0, x (a,b) - x v ‘ 1~~ . and

• ~~ ma r~~ of q in 1 x -
~ C are even. St~ poe. to the ~~ %trary that

(u ci)

eithe r ~~~~~~ — 0 tot • (a, b ) — x - - I
i,

) or th at ~~~~ (x ) — 0  for

.~~~~ ~. ~ 
.. 0 1. Then qjj is a nontrivial solution of a h~~~~~neoue inteapolation

- rohies . corresponding to a matrix ~ obtain f rom V by substi tuting • 0,

- 
- ~~. addin-, a row with I in the first colt t corresponding to the point a.

an I either adding a row with 1 in I ts  fi rst coli t corresponding to the point ~~,

— or sub titut iflg ~ - I • In either case a - a contradiction. Thus

vanish.* in (a ,b), only at the points ~~~ v . 1,) .  and all tiee. zeros are

even by (2.14) - (2.16) and the structure of S. In view of (2.16) qjj ~~0.

w:~i is q1~ I ~) on th support of ‘P since ‘1 V ‘ contains It points.

I.



The sa idea of proof can be extended to all the matrices in Aiman having

oven Hermi ts s.q ian ce a in rows corresponding to interior points of (a • b) . We stats

the result and sIte tch the p roof for one such case s

meorem 2 u  tat V AS contain It ‘ 0 even Hermit, sequences in rows

2 , “ a - 1 and no odd Hermi t. sequence in these rows , men 5’, derived from V

by replacing the last one in every Hereite sequence ir. rows 2 , “. a - 1 by mare

ade .t t s an l~ -OQF with nodes X • a — C - — b i ,

• for any poeitiv. seasure which is supported on sot, than It points of (a ,b).

~~ !.‘ ~~tins L~, 1 , .

~ 
a. in (2.5). (2 .6 ) ,  • ~ 0 1, a

It ~ and denot, by * tie matrix obtained from V by substituting

• 0 , i . , C 0 • i c

For X a x  ~~z3
. .x

,,1 x~~- b )  lit P0
(t.X) bs as in l.m a 2. By

construction of 1, for all (z
3.

•
~
•z

l
) S ’s , P0(l.

X) is a Qebychev space of

dAsension 2It c + ~~~~~~ We def ine a asppthg ? from into as follows ,

For s let x — (a — • •~~ t • b),  with x~.’ ’ x ~_ 1 defined as in . 8).

Then T ‘f - It where It - a C 
~ ‘It 

C b i ar. the m ean er points of

the O~~ (principal representation) for P0 
(t .X ) .  corresponding to the massur. ‘P .

which involves a if  • 1 and b if e () - 1. Using the fimad point of 7.

1. , we Construct •.. C x~~~ by (2.4 ) • and proos.d as in proof of Theorem 1

to construct the hIB- Q~~ corresponding to 5’ at the nodes

I t .  • (a — z C C ‘ ~ x • b).

Al irs the oss. of Thierta 1 we have ,

CoroUazy 2s tat E 1* defined as in Theorem 2 • and lit

(2.IS) 
b 

do • ! ~~~ ~~~~~~~ ‘ ~~ ~~

a

be the corresponding ~~-0Q?. lien a
13 

s 0 for j  ~~~ 3 even , 3 ~ IA
1
. Moreover

a~~ ‘ 0 for 3 c _
~ 

(-1 )~a,~ ‘ 0 for 3

-6-
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3. Extensions and )~ marks

5 .1 :~~~ V in Theorem 2 be a quasi-He rmi t. matrix with ,
~~ 

— 1 , L • 7 . .’. ,. - 1.

men E has non - ma ro • ismants only in  the ft  nit and last rows . I, ,,~ (e 1~ •

— 2 C m — , ) ,  and for alt It • a — x.. C • 
* -

— a

P0
(t .Z) - 

~~~ 
— ~~~ ‘ 

~n - t  • p~
3
~~Ca ) — o , 

~~~ 
— 1 ~ 3 ‘0 •

( ‘ . 1 )
(3)p ( b ) — 0  • 5~~) l ,

is a Chebychev space of disension a • 2 Cm - 2 )  • l0 • •5p()~ 
Since the space

P0(*,
X) is ~ndep .ndent of a2.” ‘.x 1. the poin ts * . . • .x ,~~ of meorea 2 ars

thi inter~~’r points of the GQY for P
0(*) 

in vol ving a if •
~ 

• 1 and involving

b i f  • 1. Thus in this sp cial case the derivation of tie- *m-GQF for 5’

does not involve  the construction of a f i d  poin t of a mapp ing. In addition tie

aaan arg~~~nts -~ie1d the .miqueness of the 1 -GQ? corresponding to 5’.

3.2 A dire ct consequence of the sispi. relation between the N)-GQ? constructed in

3. 1 for the mat rI a 5’, and a certain OQ? corresponding to P0 
CI ),  is the following

ext r.mal prope rty of this NB-GQV s

tat V be as in 3.1. A~~~ g -all polynomials f rom

(3. 2 )  — q ‘ n • q ~~0 . q~~
3 (a) — 0  •

~~ 
• 1 . q~

3
~~b) — 0  , ~~~ —

with leading coefficient ( - l) , ~ - e
~~~

, the one which ha.. double roots at

x . .x ,,~~ of 3. 1 minimilsa q(x )dx .

To ee thi s obeerve that any q c with leadin g ao.fficiant (-l) . can

be written as i - - p, Where p~ • (_1)1 ~~ • satisfies

( 3 . 3 )  ~,~
3) (.) - 0 • 

~~~ 
- 1 • 3 0 • p~

3
~ n~ • 0 • •~~ • 1 • 3 ‘0

and where p C satisfi.s p p on I a . b J ,  pCi )  • p~~(a) ~~ ‘10 • 1,

-6-
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p b  - ~~~~ b )  i t  .~~ - 1 .  Since ~~~ u Po (*) is a Chebycte v space of di nsion

d • 1, the extnema t p o ~-ct t , of the OQP ue.d in 3.1. yt etde  th . req ui red rtsult.

ext r.aal p rope rt is s of OQ? (principal re~ resin tat tons) cons ui t I V ) ) .  Thu

~a su~ t s - f  3 .1 and 3 . 2  ar e the conten t ~‘f Theo rem 4 in (11).  The proo f of these

rtsults a. sketch e d he rs , e.. to be stapler.

t should be no tad tha t A. r wi Us mul U p 1.. nodes (Ilb-O~~ adel tt. d by I4ermi ta

aetr ices) have S I i  5.i t a r  ext aveal p rope rty

1 . 1 Th.~ re ma 1~ 2 :an be . ~ts~ided by .e ease thod of analysis to the cas, of

e xtended ~~~~~~~ syste C u~ . “ ~~~ cn l  ia . s is an .-~~
..-‘ ---1 .- -~ ~~~~~ ~.‘v

system i f  any nontr iv ia l  p01 — -e4a 1 
~~~~ 

s~ u 1 has at soat ~
- - I ma roa oo~Ilt-

ing .s.ilttp l i c i t i . s) .  me Atkinson -~haraa Theorem is  va lid also for e xtended

Che bychs v lys ts ma ( 5 ) .  but i tb the op. ra tors —i’ It — 1 , ‘.. , is - 1 . rep laced by certain
dx

d i f f e r e n t i a l  opax ato ra ~~ 
~~~~~~~ 

relate d t o  the extended Qiebydev •yst.a . Is

ii of Hermi t. mat ni a t , the resulting t~~-~ çr invo ves only evaluations of the

ton ct ton and t i do r v t  L we. ~ f orde r at sost is - 1. Oths rwi se tie l~ —GQV is of

tie form ,

(3.4) a , ~~~ • a
~~

. CD t)  t a )3

whe re ,. • • I is the is uebe r of ones in  the Hermits si nce in row I of 5..

— — 1 i f  e . • 0).

3.4 The .sistence and oniquen.ss of the ~~-0~~ adeitted by an Hermi t. matni a 5’.

in case of extended O*bych.v syst.ve • is proved ~n (21 • (6). Using the ueiquenass

of c~~ with multi ple nodes, we cats prove the ist qomn.ss of the IS-OQV related to a

,,uas I - He rmi ts mat r I a by a construction eiaI lax to 3.1.

-10-
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Indeed ~~- i  E -~~~. i  -Ik’rfti t.-  ~~~ b~ ~ f i n r d  a. in ~‘-,.~ ‘r.m 2 . and 1.~ t

(3. ’~) PQ CK ) • - L P 
~n—1 

t~~) 
(a~ • . e1~ — 1.  3 ~

. 0, CD ) • — - . • 1 , ~ 0)

Y L.r a 2 ~0 C t) i s  Ciebvch.v ~~~~~~~~~ of ‘~i - ~~ - a ~ n - I •~~~~) .  Now

- - :~ 
‘
:~ ~~~ 

. ~~~a ~~(j )  
Ca ) 4 

~~~_1 m 
~~ Cm)

for  a lt  p c n - i  ~ -~~- - l  only if  a , ’ ’ .x ’ 1 ar , the i n t e r io r  nodes of the onique

.i~ m u l t i p l e  ~~~~~ tor P
0

(Z) ,  w ht - ~-. involves s i ’ - • 1 and involves

b ii e~~ • 1.

i S  It is Cc~s)ect ure4 that for 5’ in meure. 1 with k - a (a ll rows contain

He rmi ta sequence,) ..‘ - ~- - ~ spon dk nq ~~-~~r i s ,.asIqus . ea in tie ca.e of Hermit.

mat I i  cee • ( 6) .  ~n i quen. as catviot be e ~~.cta d In the mare ~~ne ral came $ue to

the arbitrarine ss in the c~~ st ruct ion of the mapping of .1) .

~.ck riowle~~~ mant  Tht , autho r wishes to thank professor 1. 0. *i.senscbrie ide r for a

valuable 1~ - - on on the present ~~n. rat sit U nq of the results in this west .
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